A regular connection 1-form is introduced on a 7-sphere, and gauge transformations are applied to it to produce two specific singular connections. The gauge potentials which these singular connections embody are shown to be identical with Yang's SU(2) monopole solutions as shown by pulling back the latter by a Hopf map 7!2: S' --">S ' . The study is a genuine generalization of a previous work where Dirac's U(1) monopole was discussed within the realm of the Hop£ fibre-map S'--">S': The present discussion hence parallels the previous one; a major difference being only that the quaternions are used in place of the complex numbers. § l. Intt·oduetion
In a previous paper'"' (hereafter referred to as [I]), we showed that the singular point on S' 2 ch·illed by the Dirac string can be hidden away if we release the c.tring from inside S 2 and embed it in S': A regular gauge connection 1-form exists on S' which still works as a tool of describing the Dirac magnetic monopole.* 1 It is known that the next most important Hop£ fibre map after ·r;,: ,) 3 ->S 2 is 7)2 : S'->S\ 21 and so we see it sensible to consider that the argument in [I] naturally admits generalization.
The intention in this paper is hence to construct the non-Abelian regular gauge potentials on S' from which we shall deduce some specific singular gauge potentials via gauge transformations. These may be mapped on S" by the Hop£ map 7J2 and expected to prove to be the gauge fields representing Yang's SU(2) monopole. 31 The approach we adopt here is based on an analogy consideration and is to transcribe the previous results on S' term by term into the new formulae on S 7 through a certain procedure: It should firstly be recalled that almost all the expressions in [I] are expressible in terms of complex coordinates (z1, z2) defined by 
!vi. }\!{£nami
where (x~>x2 ,x3 ,x4), subjected to x/+x/+x3 2 (1-2)
To represent S 7 , it is advisable to introduce two quaternions (q~> q2): Let
with (i, j, k) subjected to ij=-ji=k'
The quaternionic conjugate q" * is then
and the length squared of q" is defined by
By means of these, the fibre-space S is represented as
On the analogy of the complex number case, we sometimes write Re q for (1/2) (q+q*).
The rule (1· 6) satisfied by (i, j, k) is reminiscent of the rule governing the Pauli matrices !Jh (h = 1, 2, 3). It is therefore sometimes recommended to send the quaternions into (2 X 2) matrices by the mapping
For example,
.I:(q)=-z .
The 
where rf; belongs to JH such that
The base-space S 4 lS then represented by
The resemblance between (1· 3) and (1·12) should be noticed, but this time it
should also be recalled that the algebra of H does not satisfy the commutativity, and hence ¢ = 2aq1q2 * in (1·12) is not identical with ¢ = 2aq2 *q1 : The latter gives rise to the case where orientations of some axes are inversed, although leaving the Hop£ invariant unchanged. The case where the sign of the Hop£ invariant is reversed is, however, not trivial, but within the scope of this paper we shall omit mention of the case because the discussion is only parallel (refer, however, to the remarks around (4·15)).
The present work is organized as follows. In § 2, we start by transcribing the previous results in [I] in terms of complex variables z 1 and z 2 to allow an easy generalization to the case described by the quaternions q1 and q2• In § 3.1, we make this generalization and introduce first a regular gauge connection 1-form on S' and then discuss its associated Sp (2) properties. In § 3.2, we derive two kinds of singular connection 1-forms via gauge transformations and prove that they turn out to be those pulled back by 'lj2 from certain singular connections on S. In § 4 we shall show that the singular connections formally yield Yang's SU (2) monopole solutions. We end with § 5, where some additional remarks are given. § 2. Preliminaries: Gauge fields on S 3
To make our later generalization plausible, we shall begin by preparing a survey of some ingredients in [I] concerning the gauge fields on S' in the language of complex coordinates z 1 and Z 2 defined by (1·1). 
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which is just g, the magnetic charge, if we recall the Dirac quantization condition,41 and thus J21 defined at (2 ·1) well represents the Dirac magnetic monopole. We will revert to the integral (2 · 5) once more in the last of this section.
3°
Up until now, (¢\ ¢ 2 , ¢ 3 ) is merely a local coordinate system of a threespace. In [I], we, however, proceeded to regard rpi as the Higgs fields,< 1 and introduced a triple (SJ/, 2 1 2 , 2 1
3 ) , where (2. 6) to produce
considering ~V~i (x) as making SU (2) gauge fields.
Let us denote (2·8)
Let us further define
Then, for instance, Eq. (2 · 7) implies
Let us next define
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and hence we may write (2 · 2) as 
under the proviso lz1 1 2 + lz2 1 2 = 1. Equations (2 ·16) 
For example, we can use the angles to simplify !21 as
Use of them also decomposes the SU(2) gauge group element g defined by (2·17) simply as
The connection Q~> regular throughout 8 3 , can yield by a gauge transformation another connection that has singularity on the great circle P12 = { (z~> z 2) !z2 =0} or on Ps4 = {(z~>z2) !z1=0}. --
The curvature of Y1 ca) proves to be identical with the rhs of (2 · 4), and so reproduces the result (2 · 5).
It is also easy to see that !21 caJ of (2 · 25) turns out to be
by the use of the Eulerian angles. This implies
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A (a) = _1:_. _l ~ C-~_8_ (3 ·1· 3)
2" Even if we never recall the theory of characteristic classes, we can anticipate that, in view of (2 · 4) and (2 · 5), the integral which may express the topological number associated with Q1 be glVen by (3 ·1· 5) with (3 ·1· 6) * 1 One should not confuse these with those appearing in (2 · 6).
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The problem is then to know how r12*U5 is related with the curvature matrix Q 2 of 0 1 defined by (3 ·1·7) or with (3 ·1·8) It is, however, quite burdensome to direct! y verify the conjecture, and we shall here bypass and defer the calculation until we compile some other formulae (up until § 3. 2 
. 8°).
3° We here generalize the matrix g (.r) of the gauge group given by (2 ·17) to (3 ·1· 9)
under the proviso I q1 l 2 + I q2 l 2 = 1. It should be kept m mind that the entries in (3 ·1 · 9) are such q uaternions that g (q) belongs to S p (2 
Corresponding to the decomposition of the gauge operator g of (2 · 21), g (q) g1ven hy (~1· 1 · 9) must decompose in such a way that 61
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X 9s (1?6) g, (Bs) g, (19,) 9s (fJ,) g, (N,) 9s ('91) , (3 ·1· 20) where gi ({Jj) represents a rotation by 19i around the i-th axis: g is thus generated
by ten bases belonging to £5~1 (2)=£50 (5) (in place of (ji E su (2)), and hence, contrary to the previous case, the relations between angles ,9i (j = 1, 2, · · ·, 10) and seven Euler angles are not simple. This is partially due to the fact the S' makes no group while S 3 is rather accidentally homeomorphic to su (2 Notice the similarity with the rhs of (2 · 25), but this time this is no more simplified because of the non-commutability of qa. The singularity which S21 <alh embodies is now on the great "sphere" Q1 = { (q1, q,) lq, = 0}. As in (3 ·1<3), let us compose the following as an Sp (2) -symmetric SU(2)-
The gauge transformation (3 · 2 · 2) also takes the form We are now in a position to invoke the Hopf map r;, introduced at (1·12). By the use of ¢ E H and ¢4 , Q 1 <a> simply reads as follows: (3. 2. 8) with (3. 2. 9) and thus rl(a) becomes a gauge field on the base-spaces having singularity on the point ¢4 = ~a (to which the great "sphere" Q 1 has been Hop£ mapped). 
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It should be remarked that the order of the product of (p* (or r/;) and drf; (or drp*) in (3 · 2 -15) differs from the order in (3 · 2 · 9) .
7" Connection forms Q, (a) and Q, (b) are also related by gauge transformation:
Definition (3 · 2 -17) clearly shows that, as in (2 · 38) and (2 · 39), ¢ E H and rE H are related:
where r is unitary.
Note that U" U, and T belong to SU (2) and if we use, as in (2 · 37) and (2 · 41), the Eulerian angles to represent them, they take familiar forms: For instance 
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Let us further write w for u/ui/2. Then (:3 · 2 · 23) defines
The curvature w/" 1 of w1 1 a 1 is then gtven by
When giVen a curvature matrix w2, the so-called invariant polynomial Pi (w 2) 1s to be defined through 81 (3. 2. 27) Then the i-th Chern class c1 when defined as a differential form 1s given by and it will also soon turn out that this reproduces Yang's fields bk<bli of solution a.
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To obtain the set of Yang's {3 solutions which are associated with the opposite topological number, we must alternatively start with the other Hopf map whose invariant differs in sign from the Hopf invariant associated with (1·12); that is, with the map defined by ¢=2aq2qi*, } ¢4 = a C I q,l 2 -I q1l') .
The argument will quite be parallel and therefore we shall avoid repeating it.
For other details of Yang's SU (2) monopole solutions, the reader is referred to the original paper , 31 where the properties of the solutions are exhaustively expounded in terms of the ';j variables. Yang has also completed a study on the SU (2) monopole harmonics. 101 § 5. Remarks a Although we have used the terminology "quaternionic" for the gauge fields on S 7 , the 3-sphere S 3 is already quaternionic since it is represented by !x !' = 1 once vve define the q uaternion :r by
(5 ·1)
The element g given by (2 ·17) of the SU(2) gauge group 1s also simply (5·2)
In this sense. the gauge quantities associated with S' are to be describable by the Cayley numbers. bo The remaining non-trivial Hopf map (that is, the maps containing clements of Hop£ invariant 1) is 7j3 : S 15 ->S 8 • 21 Given a pair of Cayley numbers (c1, c2), then S 15 is represented by iL) 2 + \c,i 2 =1.
(5. 3)
And therefore there 1s hope for further generalization; but it is rather cliscouragmg that the algebra of octonions loses the property of associativity in addition to the commutativity.
c' We admit that we have not covered all the subjects which had been contained in [I] . One of them is a systematic discussion of the quantities on S 7 or in E 8 : The discussion of the Higgs vacuum composed by ¢1, as well as the pure-gauge fields l:V,/ (a=1, 2, /1=0.1, ···, 3) on S' (cf. (3·1·13)) could have been interesting in itself. d' Another important lack is that we have failed to refer to the Whiteheadtype integral representation on ,')'' for the topological charge. This is partly clue to our fail to find the corresponding formula on Sin J. H. C. Whitehead's mathemat-ical works, but mainly due to our feeling that a much more bulk of advanced languages must be compiled. It should, however, be remarked that the integral itself does certainly exist. Let @3 be given by however, that it is only in the Abelian case that d!2/ becomes a curvature !2/ of JJ/, and so (5·6) is not so simple as (5·7). It is rather suggestive to consider that @3 is in connection with the invariant polynomial 81 because it satisfies P (JJ/. · · ·) = dP ("Q,', · · ·), and the integral (5 · 6) will turn out to be related with the second Pontrjagin class (or 4th Chern class) when converted to the integral in E 8 • These subjects will be treated elsewhere.
